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Abstract: Euclidean Majorana fields are constructed within 
the Berezin calculus and as random fields on the measure 
space of fermionic white noise. These fields are covariant 
under Euclidean transformations, and their expectation 
values reproduce the Schwinger functions of Majorana fer­
mions in d =  2,3,4 mod 8 dimensions. Euclidean Dirac fields 
and their conjugate fields can be obtained as linear functions 
of two independent Majorana fields by equations known from 
classical spinor fields on the Minkowski space.
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1. Introduction:
The Euclidean quantum field theory of fermions can be based on 
the algebra of skew symmetric forms which generate the Schwinger 
functions (Euclidean Green’s functions). But it is instructive to go 
beyond that frame and to introduce Euclidean spinor fields. The 
n—point functions of these fields, or a subset of the n—point func­
tions, have to coincide with the Schwinger functions. The first expli­
cit example of Euclidean Dirac operators defined on a Fock space 
has been given by Osterwalder and Schrader [1] . A modified version 
which also includes Majorana fermions can be found in [2] . Later 
Nicolai [3] and then Borthwick [4] presented Euclidean Majorana 
fields which are closer to the original construction of Osterwalder 
and Schrader. In [ 1] Osterwalder and Schrader introduced two inde­
pendent anticommuting Euclidean fields corresponding to the relati­
vistic fields i}) and These extra degrees of freedom also entered the 
Berezin functional integration [5], but in the calculations of 
fermionic Green’s functions one usually does not make an explicit 
statement about the independent degrees of freedom. Since
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a rg u m e n ts  b a s e d  o n  E u c lid e a n  f ie ld s , m a in ly  in  th e  B e re z in  
f o r m u la t io n ,  h a v e  b e c o m e  a  s ta n d a rd  te c h n iq u e , th e  d e p e n d e n c e  o f  
f ie ld s  s h o u ld  b e  ta k e n  c o r r e c t ly  in to  a c c o u n t . T h e  im p o r ta n c e  o f  th is  
p o in t  c a n  c le a r ly  b e  see n  in  a  re c e n t p u b l ic a t io n  o f  H a r id a s  B a n e r je e  
a n d  h is  c o lla b o ra to rs  [ 6 ] .
I n  th is  a r t ic le  th e  p r o b le m  o f  E u c lid e a n  f ie ld s  fo r  fe rm io n s  is in v e s t i ­
g a te d  o n  t h e  b as is  o f  r a n d o m  f ie ld s  w i t h  a n  a n t ic o m m u t in g  m u l t ip l i ­
c a t io n  . [ 7 , 8 ] .  T h e  b a s ic  a lg e b r a ic  s t r u c tu r e  is a  G ra s s m a n n  a lg e b ra ,  
a n d  n o t  a  C l i f fo r d  a lg e b r a  as in  th e  F o c k  space  c o n s tru c tio n s  m e n ­
t io n e d  a b o v e . I t  is  th e r e fo r e  p o s s ib le  to  p e r fo r m  th e  a lg e b ra ic  p a r t  o f  
th e  c a lc u la t io n s  fo r  r a n d o m  f ie ld s  a n d  fo r  B e re z in  f ie ld s  in  a  p a r a l le l  
w a y .  T o  in v e s t ig a te  th e  r e la t io n s  b e tw e e n  M a jo r a n a  f ie ld s , th e  D ir a c  
f ie ld  a n d  th e  c o n ju g a te  ( a d jo in t )  D ir a c  f ie ld  i t  is s u ff ic ie n t  to  
c o n s id e r  fre e  fe rm io n s . I n  t h e  fo llo w in g  s ec tio n s  w e  p re s e n t  a  th e o r y  
o f  f re e  E u c lid e a n  M a jo r a n a  a n d  D i r a c  f ie ld s  w i t h  p o s it iv e  m ass in  
d  =  4  d im e n s io n s . T h e  re s u lts  c a n  b e  im m e d ia te ly ' t ra n s fe re d  to  
d  =  2 ,3 ,4  m o d  8 d im e n s io n s , a n d  th e  case o f  m ass  z e ro  fie ld s  needs  
o n ly  a  s lig h t  te c h n ic a l  m o d if ic a t io n  c o n c e rn in g  t h e  te s t  fu n c t io n  
spaces. A f t e r  a  s h o r t  r e c a p it u la t io n  j ) f  th e  S c h w in g e r  fu n c t io n s  o f  
M a jo r a n a  fe rm io n s  in  S e c t. 2  th e  b a s ic  f ie ld s , th e  w h i t e  n o ise  fie ld s  
a n d  t h e i r  B e r e z in  c o u n te rp a r ts ,  a re  p re s e n te d  in  S e c t. 3 . F o r  th e  
c o n s tru c t io n  o f  M a jo r a n a  f ie ld s  w e  n e e d  fe r m io n ic  r e a l w h ite  n o ise  
f ie ld s  w h ic h  a re  c o v a r ia n t  u n d e r  th e  E u c lid e a n  g ro u p . I n  S e c t. 4  
M a jo r a n a  a n d  D i r a c  f ie ld s  a re  d e fin e d  as l in e a r  tran sform s o f  w h ite  
n o is e  f ie ld s . A  r e m a r k a b le  re s u lt  is t h a t  th e  E u c lid e a n  D i r a c  f ie ld
a n d  i ts  c o n ju g a te  ^  c a n  b e  o b ta in e d  f ro m  tw o  in d e p e n d e n t  M a jo ­
r a n a  f ie ld s  V’M ( j )  » j  =  1 >2 , b y  e q u a tio n s  k n o w n  f r o m  c la s s ic a l s p in o r  
f ie ld s  o n  th e  M in k o w s k i  s p a c e , i .e .
H e r e  C  is  t h e  r e a l  u n i t a r y  c h a rg e  c o n ju g a t io n  m a t r i x  w h ic h  s a tis fie s
fo r  a l l  H e r m i t e a n  D i r a c  m a tr ic e s  7 , 7 7  +  7 7  =  2 5  .
y  ' n ' u  ' u ' f i  i u f  
f i , u  =  1 , 2 , . . . ,d .  S u c h  a  c h a rg e  c o n ju g a t io n  m a t r i x  c a n  b e  c o n s tru c te d  
f o r  d  =  2 ,3 ,4  m o d  8  d im e n s io n s , a n d  a l l  a r g u m e n ts  a p p ly  to  th e s e
^ D “ % ( 1 )  +  * ^ M ( 2 ) ’ 
•^ D  ~  C ^ M ( 1 )  ~ i C ^ M ( 2 ) -
(1)
C T  =  -  C  a n d  C 7 , C T  =  -  7 T
7 * y (2)
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d im e n s io n s . F o r  d  =  2 ,3  m o d  8 th e r e  e x its  a  r e a l  r e p re s e n ta t io n s  o f  
th e  E u c l id e a n  D i r a c  m a t r ic e s .  T h e n  t h e  M a jo r a n a  f ie ld s  a re  r e a l  
f ie ld s , a n d  ( 1 )  g iv e s  th e  d e c o m p o s it io n  o f  th e  D ir a c  f ie ld  in to  i ts  r e a l  
a n d  i ts  im a g in a r y  p a r t .  F o r  d  =  4  m o d  8 t h e  M a jo r a n a  f ie ld s  a re  s t i l l  
re a l w i t h  re s p e c t to  a  n o n - lo c a l  in v o lu t io n ,  a n d  ( 1 )  is  th e  d e c o m p o ­
s it io n  in t o  t h e  r e a l  a n d  t h e  im a g in a r y  p a r t  w i t h  re s p e c t to  th is  in v o ­
lu t io n .  T h e  r e p r e s e n ta t io n  ( 1 )  c le a r ly  sho w s t h a t  th e  c o n ju g a te  f ie ld
ip jy  c a n  b e  c a lc u la te d  f r o m  t h e  D i r a c  f ie ld
I I .  S c h w in g e r  fu n c t io n s  o f  t h e  M a jo r a n a  f ie ld :
L e t  4?a ( x ) ,  a  =  1 , . . . ,4 ,  b e  a  f re e  M a jo r a n a  f ie ld  o p e r a to r  o n  th e
M in k o w s k i  s p a ce  M 4  , x  6 M 4 , th e n  th e  4 * 4  m a t r i x  o f  i ts  r - f u n c t i o n  
( F e y n m a n  p r o p a g a t o r )
H e re  t h e  m a t r i x  S ( x ,y )  is  th e  u s u a l t w o —p o in t  S c h w in g e r  fu n c t io n  o f  
D ir a c  fe r m io n s
7 =  < v a c | T ^ a ( x )  ^ y ) | v a c >  
-  1 , . . . ,4 ,  x ,  y  6 M 4 (3)
k  ~kcan  b e  a n a ly t ic a l ly  c o n t in u e d  in t o  th e  E u c lid e a n  re g io n  x  =  x  ,
y k  =  yk, k — 1 T. . . f3 a n d  x 4  =  —ix ^ ,  y4 =  —iy^, to  t h e  m a t r i x  o f  th e  
t w o - p o i n t  S c h w in g e r  fu n c t io n s
a n d  C  is  t h e  r e a l  u n i t a r y  c h a rg e  c o n ju g a t io n  m a t r i x  ( 2 ) .  
F o r  th e  E u c l id e a n  v a r ia b le s  w e  a d o p t  th e  n o ta t io n s
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T h e  m a t r i x  fu n c t io n  ( 4 )  is th e  in v e rs e  o f  t h e  d i f f e r e n t ia l  o p e ra to r  
TC  ( m —? ) .  S in c e  t h e  E u c lid e a n  D ir a c  o p e r a to r  ( m —2 /)  sa tis fie s  
T  T
C  ( m —j£) =  —( m —& )  C ,  w e  im m e d ia t e ly  r e a l iz e  t h a t  ( 4 )  is  a  n o n -  
d e g e n e r a te  s k e w  s y m m e t r ic  m a t r i x  fu n c t io n
M Q/3( x , y )  =  “  ( 6 )
w h ic h  c a n  b e  t a k e n  as k e r n e l o f  a  b i l in e a r  s k e w  s y m m e t r ic  fo r m  o n
th e  H i l b e r t  s p a c e  7  =  /^ ( IR 4 )®  C4 . T h e  s y m p le c t ic  fo r m  ( =  n o n ­
d e g e n e ra te  b i l in e a r  s k e w  s y m m e t r ic  f o r m )  o f  th e  tw o —p o in t  fu n c t io n s  
is  th e n
J f (o r ,x )  M Q/9( x , y )  g ( /? ,y )  d 4x d 4 y
=  | f T ( x )  S ( x ,y )  C  g ( y )  d 4 x d 4 y  ( 7 )
w i t h  f ,g  6 7 .  F o r  p o s it iv e  m ass  m  >  0  th is  fu n c t io n a l  is  c o n tin u o u s  in  
th e  n o r m  o f  7 .  F o r  m a s s  z e ro  o n e  s h o u ld  t a k e  s m o o th  r a p id ly  d e c re a ­
s in g  te s t  fu n c t io n s  f r o m  th e  S c h w a r tz  sp a ce  S  =  <J(R4 )®  C4 .
T h e  n —p o in t  S c h w in g e r  fu n c t io n  o f  th e  M a jo r a n a  fe r m io n
Q j — 1 , . . . ,4 ,  X j  6 K , j  l , . . . , n ,  is
c a lc u la te d  in  th e  s a m e  w a y  as t h e  n —p o in t  r —fu n c t io n  w i t h  th e  fe r ­
m io n ic  G a u s s ia n  c o m b in a to r ic s ,  see e .g . [ 9 ]
=  0  i f  n  o d d ,
M(2n)( < v 1, - . a , n,*2n) =
n  =  1 ,2 , . . .
T h e  p f a f f ia n  p f  A  o f  a  2 n * 2 n  m a t r i x  A -  is d e f in e d  as  
P f  A  =  2 h i S i6 n  *  V M 2 ) ........ A <r(2 n —l ) c ( 2 n ) '
(8)
(9)
T h e  s u m m a t io n  e x te n d s  o v e r  a l l  p e r m u ta t io n s  a  o f  t h e  n u m b e rs  
{ l , . . . , 2 n } .  F o r  t h e  f o l lo w in g  a r g u m e n ts  i t  is  c o n v e n ie n t  t o  s m e a r  th e
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lo c a l ly  s in g u la r  S c h w in g e r  fu n c t io n s  w i t h  te s t  fu n c t io n s  f r o m  7  (o r  
f r o m  S ) .  T h e  c o rre s p o n d in g  S c h w in g e r  fu n c t io n a l  is  th e n  e v a lu a te d  
w it h  ( 7 )  as
sjM (2n)(a1^ 1,...,a2nlx2n) f 1(o1,Itl)..... ^ (a ^ X jJ d x
=  p ffw m C fi.fj))-  (1 0 )
S c h w in g e r  fu n c t io n s  fo r  M a jo r a n a  fe rm io n s  c a n  b e  d e f in e d  fo r  a l l  
d im e n s io n s  d  fo r  w h ic h  a  c h a rg e  c o n ju g a t io n  m a t r i x  ( 2 )  e x is ts , i .e .  
fo r  d  =  2 ,3 ,4  m o d  8 . I n  a l l  th e s e  cases a  th e o r y  o f  M a jo r a n a  f ie ld s  o n  
th e  M in k o w s k i  s p a c e  c a n  b e  r e c o n s tr u c te d  f r o m  th e  S c h w in g e r  fu n c ­
t io n s  fo l lo w in g  t h e  a r g u m e n ts  o f  O s te r w a ld e r  a n d  S c h ra d e r  [ 1 0 ] .  
M o r e  d e ta i ls  a b o u t  O s te r w a ld e r —S c h ra d e r  p o s i t iv i t y  a n d  re c o n s tru c ­
t io n  fo r  M a jo r a n a  fe rm io n s  c a n  b e  fo u n d  i n  [ 1 1 ] .  F o r  t h e  re c o n ­
s t r u c t io n  o f  t h e  p h y s ic a l  t h e o r y  i t  is  n e c e s s a ry  t h a t  t h e  te s t  fu n c t io n  
spa ce  is  a  c o m p le x  l in e a r  s p a c e . T h e  c h o ic e  o f  th e  c o m p le x  te s t  fu n c ­
t io n  spaces 7  ( o r  S )  in  t h e  e q u a t io n s  a b o v e  is  th e r e fo r e  n o t  o n ly  o f  
te c h n ic a l  c o n v e n ie n c e  — t h e  S c h w in g e r  fu n c t io n  ( 5 )  h a s  a  r e a l  r e p r e ­
s e n ta t io n  o n ly  f o r  d  =  2 ,3  m o d  8 — b u t  i t  is  e s s e n tia l fo r  th e  re c o n ­
s t r u c t io n .
I I I .  F e r m io n ic  w h i t e  n o is e :
R e a l  fo u r  c o m p o n e n t  w h i t e  n o is e  £  ( x ) ,  a  —  1 , . . . ,4 ,  o n  R is  a  
r a n d o m  f ie ld  w i t h  G a u s s ia n  m e a s u re  d/x o n  th e  s p a ce  o f  r e a l  t e m ­
p e re d  d is t r ib u t io n s  5 ^ ( R ^ )»  R ^. S in c e  £ a ( x )  is  lo c a l ly  s in g u la r  i t  is
c o n v e n ie n t  t o  s m e a r  £  ( x )  w i t h  te s t  fu n c t io n s  f r o m  t h e  r e a l  H i lb e r t  
spa ce  7|jj =  4 ( r V 4  ( o r  e v e n  w i t h  in f i n i t e ly  d if f e r e n t ia b le  s t r o n g ly
d e c ra s in g  fu n c t io n s  f r o m  ^ ( R ^ ) ®  R ^ ). T h e  v a r ia b le s
((f) = s [ fM  (a(x)d4x (11)
0 = 1  J
w i t h  f  e 7 ^  a r e  t h e n  in te g r a b le  G a u s s ia n  v a r ia b le s  o n  t h e  m e a s u re  
s p ace  £ |g (R * )®  R * .  T h e  e x p e c t a t io n  v a lu e s  (m e a n  v a lu e s )  o f  f u n c -
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t io n a ls  <|>(£) o f  w h i t e  n o is e , e .g . a  m o n o m ia l  <J>(£) =  f ^ ) . . . ^ ^ ) ,  
f- € 3X6  d e n o te d  b y  Ecj)(£ ) = J $ ( £ ) d /x (£ ) .  S in c e  th e  m e a s u re  is
G a u s s ia n  a l l  e x p e c ta t io n  v a lu e s  fo l lo w  f r o m
E  £ ( f )  =  0 a n d
E £ ( f K ( g )  =  < f | g >  ( 1 2 )
H e r e  < f | g >  =  23 J f (o ! ,x )g (Q ',x )d 4 x  is  th e  p o s it iv e  d e f in ite  in n e r  p ro ­
of
d u c t  o f  I n  [ 1 2 ]  i t  h as  b e e n  s h o w n  t h a t  i t  is  p o s s ib le  to  d e fin e  a n
a n t ic o m m u ta t iv e  m u l t ip l ic a t io n  fo r  th e  v a r ia b le s  f ( f ) ,  in  t h e  fo llo ­
w in g  d e n o te d  b y  f ( f ) * £ ( g ) ,  w i t h  t h e  p ro p e r t ie s :
— T h e  p r o d u c t  is  is o m o r p h ic  to  th e  a n t is y m m e t r ic  te n s o r  p ro d u c t .
— T h e  e x p e c ta t io n  v a lu e s  o f  m o n o m ia ls  ( w i t h  th is  m u l t ip l ic a t io n )  
a re  c a lc u la te d  as
E  £ ( f j ) * . . . *  £ ( f n )  =  0 i f  n  o d d
e  f ( y * .  ..* « f2a) =  Pf (^ (fj.fj)) (13)
w i t h  th e  s y m p le c t ic  fo r m
w0(f>g) =  Y‘a [f( a’x ) C a 0  g (^ x)d4x (14)
a , p J H
n
w h e re  C  is  a  r e a l  o r th o g o n a l  m a t r i x  w h ic h  s a tis fie s  C =  —id .
W h i t e  n o is e  p r o v id e d  w i t h  th is  a n t ic o m m u t a t iv e  m u l t ip l ic a t io n  w i l l  
b e  d e n o te d  as fe r m io n ic  w h it e  n o is e . T h is  p r o d u c t  is  c lo s e ly  r e la te d  
to  th e  n o n —c o m m u t a t iv e  c a lc u lu s  o f  H u d s o n  a n d  P a r t h a s a r a th y
[ 1 3 ]  . E q .  ( 1 4 )  sh o w s t h a t  th e  e x p e c ta t io n  v a lu e s  o f  p o ly n o m ia ls  o f  
fe r m io n ic  w h i t e  n o is e  fo llo w  w i t h  t h e  .u s u a l fe r m io n ic  G a u s s ia n  c o m ­
b in a to r ic s  f r o m  t h e  t w o —p o in t  f u n c t io n a l  E £ ( f ) * £ ( g )  =  a>Q (f,g), o r ,
e q u iv a le n t ly ,  f r o m  t h e  t w o —p o in t  fu n c t io n
E « V t) (15)
F o r  th e  s u b s e q u e n t c o n s tr u c t io n  o f  E u c l id e a n  M a jo r a n a  f ie ld s  w e  
n e e d  a  fe r m io n ic  w h i t e  n o is e  w h ic h  is  c o v a r ia n t  E u c lid e a n
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t r a n s fo r m a t io n s .  F o r  t h a t  p u rp o s e  i t  is  n e c e s s a ry  t h a t  t h e  s k e w  s y m ­
m e t r ic  f o r m  ( 1 4 )  is  i n v a r i a n t  a g a in s t  E u c l id e a n  t r a n s fo r m a t io n s ,  th e  
te s t  fu n c t io n s  t a k e n  as E u c l id e a n  s p in o r  f ie ld s . T h is  p r o p e r t y  is  
g u a ra n te e d  i f  w e  c h o o s e  t h e  c h a rg e  c o n ju g a t io n  m a t r i x  ( 2 )  as th e  
a n t is y m m e t r ic  m a t r i x  i n  ( 1 4 V  T h e  g e n e ra to rs  o f  s p in o r ia l  r o ta t io n s  
a r e  7 ^ 7 ^ , /*  #  */, a n d  t h e  c n a rg e  c o n ju g a t io n  m a t r i x  ( 2 )  s a tis fie s
C 7 ..7 . .  +  ( 7 „ 7 j  C  =  0  i f  f i t  v .  F o r  m o r e  d e ta i ls  a b o u t  E u c lid e a n
fJL V  f i  1 /
t r a n s fo r m a t io n s  see e .g .  [ 1 ]  a n d , c o n c e rn in g  r a n d o m  f ie ld s , [ 8 ] .
W i t h  re s p e c t t o  t h e  a lg e b r a ic  p ro p e r t ie s  th e r e  is  a  g r e a t  s im i la r i t y  
b e tw e e n  fe r m io n ic  r a n d o m  f ie ld s  a n d  fe r m io n ic  B e r e z in  f ie ld s . L e t
7|r =  £ ^ ( R ^ )»  R ^  b e  t h e  r e a l  H i lb e r t  sp ace  w h ic h  w e  h a v e  u se d  b e -
fo re . T h e  " B e r e z in  f ie ld "  (  ( x )  is  a n  is o m e tr ic  m a p p in g  o f  7 R o n to  a  
r e a l  H i lb e r t  s p a c e  7 ^  w h ic h  g e n e ra te s  a  G ra s s m a n n  a lg e b r a  Q , see
[ 1 4 ]  S e c t. 3 ,
e I R - . i ( f )  =  S  [ j a ( x ) { ( a , x ) d 4 * e t 1 . ( 1 6 )
a
T h e  G ra s s m a n n  a lg e b r a  is  th e n  t h e  d ir e c t  o r th o g o n a l  s u m  
0 0
Q —  e  7  w i t h  7 n =  R a n d  7  b e in g  th e  c lo s e d  l in e a r  s p a n  o f  a l l  
n = 0  n  u n
m o n o m ia ls  f ( f j ) . . . £ ( f n ) ,  f j  € 7 ^ .  T h e  L a g ra n g e a n  c o r re s p o n d in g  to  
r e a l  w h i t e  n o is e  is
L 0  =  5  S  J  j ° ( x )  C ^ ( x )  d 4 x
a , p J
a n d  t h e  n o r m a l iz e d  B e r e z in  in t e g r a l  y ie ld s
z  le-Lo n d j =  0 if n odd,
z  Je~Lo i(fi)-«f2n) nd« = pf (W j ) )
where u. is the symplectic form (14).
(IT)
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B o t h ,  t h e  fe r m io n ic  w h i t e  n o is e  £ a ( x )  a n d  t h e  B e r e z in  f ie ld  £ a ( x ) ,  
a r e  e le m e n ts  o f  a  r e a l  G ra s s m a n n  a lg e b r a  w h ic h  is  s u p p le m e n te d  b y  
t h e  s y m p le c t ic  fo r m  u Q . B u t  th e r e  is  a n  e s s e n t ia l d if fe re n c e  b e tw e e n
th e s e  f ie ld s . P o ly n o m ia ls  o f  fe r m io n ic  w h it e  n o is e  a r e  n u m e r ic a l  fu n c ­
t io n s  o n  a  m e a s u re  s p a c e , t h e i r  e x p e c ta t io n  v a lu e s  a r e  c a lc u la te d  b y  
a  n u m e r ic a l  in te g r a t io n  w i t h  a  p o s it iv e  m e a s u re . P o ly n o m ia ls  o f  th e
B e r e z in  f ie ld  £  a r e  e le m e n ts  o f  a n  a b s tr a c t  G ra s s m a n n  a lg e b ra . T o  
c a lc u la te  e x p e c ta t io n s  o n e  needs  a  l in e a r  f u n c t io n a l  o n  th is  a lg e b r a  — 
t h e  " B e r e z in  in t e g r a l"  — w h ic h  c a n n o t  b e  r e d u c e d  t o  a  n u m e r ic a l  
m e a s u re .
F o r  th e  r e a l  f e r m io n ic  w h i t e  n o is e  £  a n d  fo r  t h e  r e a l  B e r e z in  f ie ld  £  
t h e  a lg e b r a  c a n  b e  e x te n d e d  to  a  c o m p le x  a lg e b r a  i n  c h o o s in g  c o m ­
p le x  te s t  fu n c t io n s  f  e %  =  £ 2 ( R * ) «  C * .  T h e r e b y  t h e  f o r m  Wq is  e x te n ­
d e d  to  a  C—b i l in e a r  f o r m  T * X - » C. T h e  use o f  c o m p le x  te s t  fu n c t io n s  
is c o n v e n ie n t  fo r  th e  c o n s tr u c t io n  o f  M a jo r a n a  a n d  D i r a c  f ie ld s , a n d  
i t  is  n e c e s s a ry  fo r  t h e  O s te r w a ld e r —S c h ra d e r  r e c o n s tr u c t io n .  T h is  
s im p le  e x te n s io n  t o  c o m p le x  te s t  fu n c t io n s  s h o u ld  b e  c le a r ly  
d is t in g u is h e d  f r o m  c o m p le x  w h it e  n o is e  w h ic h  is  b u i l t  u p  b y  tw o  
in d e p e n d e n t  r e a l w h i t e  n o is e  f ie ld s  £ ^  a n d  £ ^
C M  =  C ( i ) M  +  iC (2 )M >  =  C ( ! ) M  -  i £ ( 2 ) M -
F o r  r a n d o m  f ie ld s  t h e  b a r  £  - » £  m e a n s  a lw a y s  c o m p le x  c o n ju g a t io n .  
T h e  r e s u lt in g  f e r m io n ic  c o m p le x  w h i t e  n o is e  is  c h a r a c te r iz e d  b y  th e  
e x p e c ta t io n s
E C“(x) * ( ? ( y )  = E Ca(x) * ( ^ j  = 0,
E  *  ( ? { j )  =  E  C“ ( x )  *  A x - y ) .  ( 1 8 )
U s u a l ly  f e r m io n ic  c o m p le x  w h i t e  n o is e  is  c o n s tr u c te d  w i t h  t h e  t w o  
p o in t  m n c t io n s
E  ( % )  *  C % )  =  -  E  < ° (x ) *  7 i s )  =  « * (x -y )  (1 9 )
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see [ 1 5 ]  f o r  t h e  B e r e z in  v e rs io n  a n d  [ 8 ]  fo r  t h e  r a n d o m  f ie ld s . F e r ­
m io n ic  c o m p le x  w h i t e  n o is e  w i t h  th e s e  e x p e c ta t io n s  h a s  n o  n a t u r a l  
d e c o m p o s it io n  in t o  t w o  r e a l  f ie ld s .
I V .  E u c l id e a n  M a jo r a n a  a n d  D i r a c  f ie ld s :
S in c e  t h e  s t r u c t u r e  o f  t h e  S c h w in g e r  fu n c t io n s  o f  M a jo r a n a  
fe rm io n s  ( 1 0 )  is  t h e  s a m e  as t h e  s t r u c tu r e  o f  t h e  n —p o in t  fu n c t io n s  o f  
fe r m io n ic  w h i t e  n o is e  ( 1 3 ) ,  w e  c a n  o b ta in  E u c l id e a n  M a jo r a n a  f ie ld s  
b y  a  l in e a r  t r a n s f o r m a t io n  o f  w h i t e  n o is e . W e  s t a r t  f r o m  r e a l  w h it e  
n o is e  £ w i t h  t h e  fe r m io n ic  m u l t ip l ic a t io n  ( o r  w e  t a k e  t h e  B e r e z in
f ie ld  £ ) ,  b u t  n o w  w e  e x te n d  th e  te s t  fu n c t io n s  to  t h e  c o m p le x  sp a ce
I  =  ^ ( I R 4 )®  C4  as n e e d e d  fo r  E u c lid e a n  f ie ld s . L e t  A  b e  a  b o u n d e d  
l in e a r  o p e r a to r  o n  7 ,  th e n  i p =  is  a  r a n d o m  f ie ld  w i t h  ip { f )  =  
T  T£ ( A  f ) ,  w h e r e  A  is  t h e  tra n s p o s e d  o p e r a to r  o f  A .  T h e  e x p e c ta t io n  
v a lu e s  o f  ^  im m e d ia t e ly  fo l lo w  f r o m  ( 1 3 ) .  T h e y  c o in c id e  w i t h  t h e
T  TM a jo r a n a  S c h w in g e r  fu n c t io n s  i f  E ^ i ( f ) * ^ i ( g )  =  Wq ( A  f , A  g )  =  
W jy j(f,g ). T h e  o p e r a to r  A  h as  th e r e fo r e  to  s a t is fy  t h e  i d e n t i t y
A  C  A T  =  S C  ( 2 0 )
T h e  s o lu t io n  w h ic h  d e p e n d s  o n ly  o n  d  a n d  th e r e fo r e  g u a ra n te e s  
E u c lid e a n  c o v a r ia n c e  is
A  =  a  +  f 3 d  w i t h  ( 2 1 )
________  1
a  =  — \  V m 3— A  +  m p
J I  L v^  2 -A "  j
_______  1
P  _  1  f  y ftn 2— A  —  m l ?
y P I S  I* y /m T = K  J
H e re  A
- 1  (aH is  t h e  E u c lid e a n  L a p la c e  o p e r a to r ,  a n d  t h e
p s e u d o d if fe r e n t ia l  o p e ra to r s  a  a n d  (3 a r e  p o s it iv e  r e a l  o p e ra to rs  
(b o u n d e d  i f  m  >  0 ) .  H e n c e  w e  c a n  d e f in e  a  E u c l id e a n  M a jo r a n a  f ie ld  
as t h e  l in e a r  t r a n s f o r m  o f  r e a l  w h i t e  n o ise
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* U  =  M  (2 2 )
T h e  B e r e z in  v e rs io n  o f  th is  c o n s tr u c t io n  is  o b v io u s ly  ^  =  A £ .
A  E u c l id e a n  D i r a c  f ie ld  ^  a n d  i ts  c o n ju g a te  f ie ld  c a n  n o w  b e
d e r iv e d  f r o m  t w o  in d e p e n d e n t  r e a l  w h it e  n o is e  f ie ld s  a n d
o r ,  e q u iv a le n t ly ,  h o r n  t w o  in d e p e n d e n t  E u c l id e a n  M a jo r a n a  f ie ld s  Dy 
e q u a t io n s  w h ic h  a r e  k n o w n  f r o m  c la s s ic a l s p in o r  f ie ld s  o n  t h e  M in ­
k o w s k i sp a ce
^  ^  =  % ( 1) +  % ( 2) =  A*(l) +  iA *(2)>
V2 ^  =  C -  iC^’m (2) =  CA£(1) ~  lCAf(2)‘ (23)
T h e  t w o  p o in t  fu n c t io n s  a r e  e a s ily  c a lc u la te d  w i t h  t h e  c o r re c t  re s u lt
E  V ^ ( f )  *  tf>D ( g )  =  E  ^ D ( f )  ★  V»D ( g )  =  0 ,
E  ^ D ( f ) *  ^ D (g )  =  w 0 ( A T f , A T C T g ) =  J fT ( x ) S ( x ,y ) g ( y ) d x d y .
T h e  D i r a c  f ie ld  ( 2 3 )  c a n  a ls o  b e  g iv e n  as a  fu n c t io n  o f  t h e  c o m p le x  
w h i t e  n o is e  ( 1 8 )
V’j )  =  A  C a-nd - f l  T p ^  =  C A
T h is  r e p r e s e n ta t io n  d if fe rs  f r o m  th e  r e p r e s e n ta t io n s  g iv e n  in  [ 8 ]  
w h e r e  a  w h i t e  n o is e  f ie ld  w i t h  th e  t w o —p o in t  f u n c t io n  ( 1 9 )  h as  b e e n  
u s e d . I t  h as  a l r e a d y  b e e n  p o in te d  o u t  in  r e f .  [ 8 ]  t h a t  tn e r e  is  n o  
u n iq u e  w a y  t o  d e f in e  E u c l id e a n  D i r a c  f ie ld s , b u t  t h e  c o n s tr u c t io n  o f  
E u c lid e a n  M a jo r a n a  f ie ld s  as g iv e n  h e re  seem s to  b e  u n iq u e .
T h e  d e f in i t io n  ( 2 2 )  im p lie s  t h a t  t h e  E u c l id e a n  M a jo r a n a  f ie ld  is  a  
r e a l  r a n d o m  f ie ld  w i t h  re s p e c t  t o  th e  in v o lu t io n
K 1 >  =  A  A _ 1 V  ( 2 4 )
F o r  d  =  2 ,3  m o d  8  d im e n s io n s  th e r e  e x is ts  a  r e a l  r e p r e s e n ta t io n  o f  
t h e  E u c l id e a n  D i r a c  m a t r ic e s .  S in c e  th e  o p e r a to r  ( 2 1 )  A  is  t h e n  a k
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r e a l ,  t h e  in v o lu t io n  ( 2 4 )  re d u c e s  to  ^  a n d  ( 2 3 )  is  th e  d e c o m ­
p o s it io n  o f  t h e  D i r a c  f ie ld  in t o  i t s  r e a l  a n d  i t s  im a g in a r y  p a r t  ( i n  th e  
u s u a l s e n s e ). F o r  d  =  4  m o d  8  w e  h a v e  t o  r e fe r  t o  a  r e a l i t y  c o n d it io n  
w it h  re s p e c t t o  t h e  n o n - lo c a l  o p e r a to r  ( 2 4 ) .  I n  a l l  cases t h e  re p re s e n ­
t a t io n  ( 2 3 )  s h o w s  t h a t  t h e  E u c l id e a n  D i r a c  f ie ld  a n d  i ts  a d jo in t  f ie ld  
a re  l in e a r  c o m b in a t io n s  o f  t w o  r e a l  M a jo r a n a  f ie ld s . A l l  th e s e  
s ta te m e n ts  h a v e  t h e i r  o b v io u s  c o u n te r p a r t  in  th e  B e r e z in  fo r m u ­
la t io n .
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